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INTRODUCTION
Motivation & Background

Electrophoresis, the motion of charged particles in a fluid under an
applied electric field, has been a cornerstone of numerous scientific and
engineering applications. This fundamental process plays a critical role in
microfluidic systems, environmental transport phenomena, and biomedical
technologies. In microfluidics, electrophoresis is utilized in lab-on-a-chip devices
to manipulate and separate biomolecules with high precision, enabling
advancements in point-of-care diagnostics and drug delivery (Felix et al., 2014).
In environmental science, it governs the transport and mobility of contaminants,
such as heavy metals and microplastics, in aqueous systems, directly impacting
pollution control strategies and remediation efforts (Hilton & Hayes, 2019).
Furthermore, in the biomedical domain, electrophoresis serves as a key
mechanism in protein and DNA separation techniques, widely used in genomics,
proteomics, and disease diagnostics (Tottori et al., 2019).

Historically, electrophoretic motion has been described using classical
models such as those proposed by Smoluchowski and Hiickel. These models
assume linearity in the system, meaning that electrophoretic mobility remains
constant regardless of the strength of the applied electric field. While effective in
dilute solutions and weak electric fields, these classical formulations fail under
extreme conditions, such as highly charged particles, concentrated suspensions,
or strong external fields (Khair, 2022). In such regimes, nonlinear effects emerge,
altering particle mobility and challenging conventional electrophoretic
predictions (Lozada-Cassou et al., 1999).

Several factors contribute to the nonlinear nature of electrophoresis. One
key contributor is the distortion of the electrostatic double layer surrounding the
particle. In classical theory, the electric double layer remains symmetrical and
stable, but under strong fields or high surface charge densities, the layer
compresses and distorts, leading to deviations from classical mobility predictions
(Lobaskin et al., 2004). Additionally, finite ion size and their non-uniform
distribution introduce crowding effects that disrupt the expected electrophoretic
response (Bhattacharyya et al., 2014). Traditional theories treat ions as point
charges, neglecting steric interactions, which become significant at high ion
concentrations. Furthermore, fluid behavior deviates from Newtonian
assumptions in complex environments such as biological fluids and
environmental suspensions. Shear-dependent viscosity and non-Newtonian flow
characteristics can significantly alter the hydrodynamic interactions governing
electrophoresis, making classical models insufficient for practical applications
(Felix et al., 2014).

Given the increasing relevance of electrophoresis in applied sciences,
understanding these nonlinear effects is essential for accurate modeling and
optimization. In this study, we develop a comprehensive mathematical model to
capture these nonlinear phenomena, providing deeper insights into
electrophoretic behavior in realistic conditions. Our work expands upon existing
theories by incorporating electrostatic double-layer distortion, finite ion size
effects, and fluid non-Newtonian behavior into a unified framework. This
research aims to enhance the predictive capabilities of electrophoretic models
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and pave the way for improved applications in environmental science,
microfluidics, and biomedical engineering.
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Figure 1. Schematic Representation of Electrophoresis (Illustrates an Electric
Field Applied to a Colloidal Particle, Depicting the Surrounding Double Layer
and Fluid Motion)

LITERATURE RIVIEW
Theoretical Framework and Mathematical Model
Governing Equations

Electrophoretic motion of a charged colloidal particle is governed by
fundamental electrostatic and hydrodynamic equations. In this study, we model
a spherical particle of radius aaa and surface charge density o\sigmao moving
under the influence of an externally applied electric field EEE. The behavior of
the particle, the surrounding ionic environment, and the fluid flow are described
using a coupled system of equations that include electrostatic potential, fluid
dynamics, and ion transport.
Poisson Equation for Electrostatic Potential

The electrostatic potential ¢\phi¢ surrounding the charged particle is
governed by the Poisson equation, which describes the relationship between the
local charge density pe and the dielectric permittivity € of the fluid medium:

Vi =—-—
£

This equation forms the foundation of the electrical double-layer (EDL)
theory, where mobile ions in solution reorganize around the charged particle,
creating an equilibrium structure that significantly influences electrophoretic
mobility (Lozada-Cassou et al., 1999). Under weak electric fields, classical models
assume a thin double layer approximation, where the potential decays
exponentially with distance. However, in strong electric field regimes or for

199



Ghoshal ,Kumar

highly charged particles, the double-layer structure undergoes distortion,
requiring nonlinear corrections to Poisson’s equation (Khair, 2022).
Navier-Stokes Equation with Electrostatic Force Term

Fluid motion around the charged particle is governed by the Navier-
Stokes equation, which accounts for the interplay of hydrodynamic forces,
pressure gradients, viscous effects, and electrostatic contributions. The
momentum equation for an incompressible Newtonian fluid with density p and
viscosity p is given by:

' i
P (E —I—u-'\?u) = —Vp+ pV-u+ pE

Where u is the fluid velocity, p is the pressure, and peE represents the
electrostatic force term (Felix et al.,, 2014). Under weak field conditions, the
electrophoretic mobility follows the classical Smoluchowski equation, assuming
a linear relationship between velocity and field strength. However, when
nonlinear interactions arise—such as electrostatic coupling, ion crowding, or
non-Newtonian fluid behavior —mobility deviates from classical predictions
(Lobaskin et al., 2004).

Nernst-Planck Ion Transport Equation

The movement of ions in the electrolyte solution is described by the
Nernst-Planck equation, which captures the combined effects of diffusion,
migration due to electric fields, and convective transport:

de;
ot

—— V- (—ngci + Ip'_.[.gL'i;E} =0

where ci is the concentration of the iii-th ionic species, Di is the diffusion
coefficient, and pi\mu_ipi is the ion electrophoretic mobility (Bhattacharyya et
al., 2014). Classical models assume a steady-state ion distribution, but in strong
fields or concentrated suspensions, transient charge redistribution, ion crowding,
and electro-viscous effects must be incorporated into the model to achieve
accurate predictions (Barve et al., 2018).
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Figure 2. Double-Layer Structure Around a Moving Particle
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Nonlinear Effects Considered

Traditional electrophoretic models rely on linear approximations,
assuming that electrophoretic mobility remains constant with increasing electric
field strength. However, in realistic systems, multiple nonlinear effects arise,
altering mobility behavior and leading to deviations from classical predictions.
This section highlights the major nonlinear corrections incorporated into our
model.

Finite Debye-Length Effects

Classical theories assume that the Debye length (the characteristic
thickness of the electrostatic double layer) is infinitely small compared to the
particle size. However, in highly concentrated electrolytes or for nanoscale
particles, the Debye length is comparable to the particle radius, requiring finite
Debye length corrections to the classical Poisson-Boltzmann equation (Lobaskin
et al, 2004). These corrections account for ion steric interactions, surface
polarization effects, and multi-ion electrostatic correlations.

Ion Crowding & Finite Size Effects

In conventional electrophoretic theory, ions are treated as point charges,
neglecting their physical size and the associated steric interactions. However, at
high ion concentrations or strong electric fields, ion crowding significantly alters
the charge distribution and leads to mobility saturation effects (Lozada-Cassou
et al., 1999). To address this, modifications to the Poisson-Boltzmann theory
incorporate finite ion volume constraints and non-uniform ion hydration effects,
leading to better agreement with experimental mobility measurements (Khair,
2022)

Shear-Rate Dependence of Viscosity

Another key nonlinear effect arises due to fluid viscosity variations in
complex environments. In biological and environmental systems, fluids often
exhibit non-Newtonian behavior, where viscosity depends on the local shear rate.
This affects the hydrodynamic interactions between the charged particle and the
surrounding medium, altering electrophoretic mobility and aggregation
dynamics (Felix et al., 2014). To incorporate this effect, the Navier-Stokes
equation is modified by introducing a shear-dependent viscosity term, enhancing
the model's accuracy for applications in biological fluids, microfluidics, and
pollutant transport.
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Regimes of Electrophoretic Motion
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Figure 3. Regimes of Electrophoretic Motion (Illustrates the Transition
Between Linear and Nonlinear Regimes Based on Electric Field Strength and
Surface Charge)

The governing equations of electrophoresis, including Poisson’s equation,
the Navier-Stokes equation, and the Nernst-Planck equation, provide a
comprehensive framework for understanding charged particle motion in fluidic
environments. While classical models are effective for weak electric fields and
dilute suspensions, they fail in strong-field, high-charge, or complex fluid
environments where nonlinear effects dominate. Our extended model
incorporates finite Debye length corrections, ion crowding effects, and shear-
dependent viscosity to bridge the gap between classical and real-world
electrophoretic behavior. This refined theoretical approach is critical for
applications in environmental science, biomedical engineering, and microfluidic
system optimization.
Analytical and Computational Approach
Asymptotic & Perturbation Methods

The study of electrophoretic motion in colloidal systems often requires an
analytical approach to capture nonlinear effects that arise due to high surface
charge densities and strong electric fields. For systems where the zeta potential {
is relatively low, that is, (<kBT/e, a weakly nonlinear solution can be derived
using asymptotic expansion techniques. In this case, the electrophoretic mobility
pe\mu_epe follows a first-order correction model:

Where a is a correction coefficient that accounts for nonlinear
electrokinetic effects (Khair, 2022). This expansion is particularly useful for
describing weak electrostatic interactions where the traditional linearized
Poisson-Boltzmann equation remains valid.

However, in high zeta potential regimes, the classical perturbative
approach fails due to the emergence of strong electrostatic coupling and ion
crowding effects. In such scenarios, the system exhibits nonlinear responses,
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necessitating a full numerical treatment of the governing equations. The
breakdown of weak field assumptions results in electrophoretic mobility that
deviates significantly from classical predictions, requiring higher-order or fully
numerical methods to achieve accurate solutions (Lozada-Cassou et al., 1999).
In summary, for low zeta potentials, asymptotic approximations provide
insights into small deviations from classical theories, while for high zeta
potentials, numerical computations become essential to account for the complex
electrohydrodynamic interactions in the system. The transition between these
two regimes is a fundamental characteristic of nonlinear electrophoretic motion.

METHODOLOGY
Numerical Methods

Given the nonlinearity of the governing equations, analytical solutions
become impractical in many cases, particularly in highly charged or strong-field
electrophoretic conditions. To tackle these complexities, we employ advanced
numerical techniques to solve the coupled Poisson, Navier-Stokes, and Nernst-
Planck equations. The numerical methods utilized in this study include:

Finite Element Method (FEM)

The Finite Element Method (FEM) is widely used for solving partial
differential equations (PDEs) in complex geometries (Barve et al., 2018). It enables
accurate spatial discretization of the computational domain, allowing for the
precise calculation of electric field distributions, ion fluxes, and fluid flow
dynamics around a charged colloidal particle. FEM is particularly advantageous
in cases where asymmetric or confined domains introduce additional
complexities to electrophoretic transport phenomena.

Spectral Methods

For systems characterized by smooth potentials and periodic boundary
conditions, spectral methods provide a highly efficient alternative to
conventional discretization techniques. These methods involve the expansion of
solution variables in terms of orthogonal basis functions, such as Fourier or
Chebyshev polynomials. Spectral methods offer exponentially fast convergence
rates, making them ideal for analyzing the long-range interactions and
electrostatic potential decay in electrophoretic systems (Lobaskin et al., 2004).
Monte Carlo Simulations

Electrophoresis in environmental and biological contexts often exhibits
stochastic behavior due to the presence of thermal fluctuations, ionic diffusion,
and Brownian motion. To model these effects, Monte Carlo simulations are
employed, allowing us to capture random particle trajectories and mobility
variations under different electrostatic conditions. This approach is particularly
relevant for understanding colloidal stability and aggregation in real-world
applications, such as pollutant dispersion in aqueous environments (Felix et al.,
2014).
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The combination of these numerical techniques ensures a comprehensive
computational framework, capable of capturing both deterministic and
stochastic features of electrophoretic motion. By integrating FEM for structural
accuracy, spectral methods for efficient computation, and Monte Carlo for
probabilistic modeling, our study provides a robust predictive model for
nonlinear electrophoresis.
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Figure 4. Computational Domain & Mesh for FEM Simulation (Illustrates the
Discretization of a Colloidal Particle and its Surrounding Fluid, Demonstrating
how Numerical Solutions are Applied to Electrophoretic Mobility Calculations)

Validation & Benchmarking

To ensure the accuracy and reliability of our computational model, we
perform rigorous validation and benchmarking against both classical theoretical
predictions and experimental data.
Comparison with Classical Models

A key aspect of model validation involves comparing our numerical
results with classical Smoluchowski and Hiickel electrophoresis models. These
models provide well-established theoretical baselines for weak-field
electrophoresis. The deviation from these classical models at high surface charge
densities and strong external electric fields serves as a critical test for nonlinear
effects (Lozada-Cassou et al., 1999).
Experimental Validation Using Particle Tracking Velocimetry

To further verify the accuracy of our numerical predictions, we compare
our computed electrophoretic mobility values with experimental measurements
obtained from particle tracking velocimetry (PTV). This technique allows us to
measure real-time motion of charged colloidal particles under controlled electric
tields, providing quantitative benchmarks for our model. Previous studies have
demonstrated that high zeta potential regimes lead to reduced mobility due to
ion condensation and electroviscous drag, effects that our numerical model
successfully captures (Tottori et al., 2019).
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Comparison of Electrophoretic Mobility with Classical and Nonlinear Models
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Figure 5. Comparison of Electrophoretic Mobility with Classical and Nonlinear

Models (Displays a Graph Illustrating the Deviation of Electrophoretic Mobility

from Classical Predictions, Highlighting the Transition to the Nonlinear Regime
at High Z\ Zetad)

Benchmarking Against Experimental and Computational Studies

Additionally, we benchmark our results against previous experimental
and computational studies in the field. For instance, the high-field mobility
saturation observed in experimental data (Khair, 2022) aligns with our numerical
predictions, further validating the accuracy of our extended electrophoretic
model. The inclusion of ion crowding, finite Debye length corrections, and shear-
dependent viscosity effects enables our model to accurately replicate previously
reported nonlinear electrophoretic phenomena (Felix et al., 2014).

Through these validation techniques, we demonstrate that our
computational model provides a significantly improved prediction of
electrophoretic behavior, particularly in regimes where classical theories fail. The
findings from our benchmarking efforts affirm that nonlinear corrections are
essential for accurately modeling electrophoretic transport in high-field and
high-charge environments.

RESULT AND DISCUSSION
Impact of Nonlinear Effects on Electrophoretic Mobility

The nonlinear nature of electrophoretic motion manifests prominently in
systems characterized by high zeta potentials and strong external electric fields.
Classical electrophoretic models, such as those of Smoluchowski and Hiickel,
predict a linear relationship between applied field strength and electrophoretic
mobility. However, in realistic conditions, this assumption breaks down due to
the influence of electrostatic double-layer distortions, finite ion size effects, and
ion crowding.

Our computational results demonstrate that as zeta potential  increases,
electrophoretic mobility does not scale linearly; instead, it saturates beyond a
threshold value (Khair, 2022). This behavior arises from strong electrostatic
coupling, where counterions in the diffuse layer become increasingly
concentrated, reducing the net force acting on the particle. Consequently, higher
electric fields fail to proportionally increase mobility, as the effective charge
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available for motion diminishes due to charge condensation effects (Lozada-
Cassou et al., 1999).

Additionally, our simulations indicate that finite ion size effects further
suppress electrophoretic mobility. Classical theories assume point-like ions,
whereas real ions possess a finite volume, leading to steric hindrance and
deviations from the Poisson-Boltzmann electrostatic framework. In our model,
the inclusion of finite ion radius constraints shows a significant reduction in
predicted mobility, particularly at high ionic concentrations. This suggests that
ion correlations and hydration shell interactions must be accounted for in
practical applications, particularly in biological and environmental
electrophoretic systems (Lobaskin et al., 2004).

Mobility vs. Zeta Potential for Different Nonlinear Corrections
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Figure 6. Mobility Vs Zeta Potential for Different Nonlinear Corrections
(Demonstrates Deviations in Electrophoretic Mobility as a Function of {\ Zetad,

Comparing Classical Predictions Vs Nonlinear Models)

Stability and Aggregation in Nonlinear Regimes

The impact of nonlinear electrophoresis extends beyond mobility
reduction, playing a crucial role in colloidal stability and aggregation
phenomena. At low zeta potentials, repulsive forces dominate, preventing
aggregation and maintaining a stable colloidal suspension. However, as zeta
potential increases and nonlinear effects become prominent, the electrophoretic
response of charged particles changes, influencing their stability and clustering
behavior.

Our study reveals that nonlinear electrophoretic interactions can promote
aggregation, altering particle transport and deposition in fluidic environments
(Felix et al., 2014). This is particularly evident in high-field conditions, where
charge condensation on particle surfaces reduces electrophoretic repulsion,
increasing the likelihood of aggregation. Experimental studies have reported
similar behavior, where charged colloidal particles exhibit clustering when
exposed to strong external fields, leading to anomalous transport patterns in
microfluidic and environmental systems (Tottori et al., 2019).

The stability of colloidal suspensions is governed by the competition
between van der Waals attraction and electrophoretic repulsion. In weak fields,
electrophoretic repulsion dominates, maintaining a dispersed system. However,
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in strong fields, nonlinearity-induced charge condensation reduces repulsion,
allowing van der Waals forces to overcome the repulsive barrier, leading to
particle clustering and eventual flocculation (Bhattacharyya et al., 2014). These
findings suggest that in real-world applications, electrophoretic deposition,
contaminant aggregation, and nano-colloidal stability must be evaluated within
a nonlinear framework.

Phaselcl)Diagram of Colloidal Stability in an Applied Field
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Figure 7. Phase Diagram of Colloidal Stability in an Applied Field (Illustrates

the Parameter Regions for Stable Vs Unstable Colloidal Suspensions,
Emphasizing the role of Nonlinear Electrophoretic Interactions in Aggregation)
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Environmental Transport Implications

The nonlinear characteristics of electrophoretic motion have profound
implications for environmental and industrial processes, particularly in pollutant
transport, water purification, and microfluidic sorting applications. Traditional
models for contaminant dispersion in aquatic environments assume linear
electrophoretic behavior, which can significantly overestimate the mobility of
charged pollutants in real-world conditions. Our findings suggest that nonlinear
corrections are necessary for accurately predicting the long-range transport of
contaminants in natural water systems (Felix et al., 2014).

For instance, in the case of heavy metal or microplastic contamination,
classical models predict a continuous drift under external fields. However,
nonlinear effects reduce particle mobility, leading to unexpected retention in
localized regions. This has direct implications for water treatment strategies, as
it suggests that pollutants may accumulate in zones of high ion concentration,
requiring revised filtration and remediation techniques (Hilton & Hayes, 2019).
Additionally, in microfluidic sorting applications, electrophoretic mobility is
often used to separate biomolecules, nanoparticles, or cells based on charge and
size. The presence of nonlinear mobility saturation means that at high electric
tields, standard sorting techniques may fail, requiring alternative sorting
strategies based on nonlinear transport properties. Our study indicates that
precise control of electric field strength can be utilized to fine-tune particle
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separation, providing enhanced selectivity in microfluidic applications (Barve et
al., 2018).

Simulation of Contaminant Spread with and without Nonlinear Effects
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Figure 8. Simulation of Contaminant Spread with and Without Nonlinear
Effects (Depicts a Color-Coded Transport Simulation, Showing Differences in
Particle Dispersion Under Linear Vs Nonlinear Electrophoretic Conditions)

CONCLUSIONS AND RECOMMENDATIONS
Summary of Key Findings

The study of electrophoretic motion in colloidal systems has long relied
on classical models, such as the Smoluchowski and Hiickel equations, which
assume a linear relationship between electrophoretic mobility and applied
electric field strength. However, our findings underscore that in realistic
conditions, where zeta potential is high, ion concentration is significant, or
electric fields are strong, these classical models fail to capture the complexities of
particle motion. Instead, nonlinear effects emerge as dominant factors that shape
electrophoretic transport behavior.

One of the most critical insights from this research is that electrophoretic
mobility saturates rather than increasing indefinitely at high zeta potentials. This
behavior arises due to electrostatic charge condensation, finite ion size
constraints, and nonlinear hydrodynamic interactions, all of which reduce the
effective charge available for particle motion. As a result, classical theories
systematically overestimate electrophoretic mobility in high-field regimes
(Khair, 2022). Our study confirms that incorporating finite Debye length
corrections, ion crowding effects, and viscoelastic fluid interactions is essential to
accurately model electrophoresis in real-world applications.

Additionally, we demonstrated that nonlinear electrophoretic interactions
influence colloidal stability and aggregation. In high-field environments,
reduced electrophoretic repulsion enhances particle clustering, altering colloidal
dispersion dynamics in biological, environmental, and microfluidic systems
(Lozada-Cassou et al., 1999). These findings hold significant implications for
contaminant transport, nanoparticle separation, and the design of electrophoretic
devices.

By leveraging a multi-scale computational approach, our model
successfully captures the transition from linear to nonlinear electrophoretic
regimes. Numerical simulations using Finite Element Methods (FEM), spectral
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techniques, and Monte Carlo simulations validate that nonlinear electrophoretic
models provide more accurate predictions than traditional approximations. This
work provides a comprehensive theoretical and computational framework for
understanding electrophoretic motion beyond classical assumptions.

Open Problems & Future Directions

Despite the advancements made in this study, several challenges remain
open for future investigation. One of the primary limitations of current
electrophoretic models is their restriction to spherical colloidal particles. In
reality, many biologically relevant molecules, industrial nanoparticles, and
engineered microfluidic particles exhibit aspherical geometries, such as rods,
ellipsoids, and platelets. The electrophoretic behavior of non-spherical particles
is significantly more complex, as the interplay between hydrodynamic drag,
electrostatic interactions, and particle orientation leads to anisotropic motion.
Future studies must extend existing models to account for shape-dependent
mobility variations, particularly in anisotropic colloidal suspensions (Felix et al.,
2014).

Another critical challenge involves coupling electrophoresis with
turbulent flow models in complex environments. Most electrophoretic studies
assume laminar fluid motion, which is valid for small-scale systems and dilute
suspensions. However, in realistic environmental conditions, such as rivers,
oceans, and industrial reactors, fluid flow often exhibits turbulent behavior that
interacts nonlinearly with charged particles. Understanding how turbulence
modifies electrophoretic mobility, particle clustering, and contaminant transport
remains an open question requiring advanced computational fluid dynamics
(CFD) simulations and experimental validation (Hilton & Hayes, 2019).

Additionally, the role of multicomponent ionic solutions in
electrophoresis is another frontier that warrants deeper exploration. Many real-
world applications involve complex electrolytes containing multiple ionic
species with varying valencies, hydration properties, and steric effects. The
current study focuses on binary electrolytes, but future work should incorporate
multi-ion electrokinetics, particularly for applications in biological
electrophoresis, nanofluidics, and electrochemical separations (Barve et al., 2018).
From a technological perspective, our findings suggest exciting opportunities for
developing next-generation electrophoretic separation devices. The realization
that mobility saturates in nonlinear regimes indicates that traditional
electrophoretic separation methods might be inefficient at high field strengths.
Future studies should explore how nonlinear mobility corrections can be
leveraged for tunable microfluidic sorting, enabling precise control of particle
separation based on charge, size, and shape (Tottori et al., 2019).

Furthermore, experimental validation remains a crucial aspect of
advancing nonlinear electrophoretic models. While particle tracking velocimetry
(PTV) and electrophoretic light scattering have provided valuable experimental
benchmarks, high-resolution techniques such as optical tweezers, atomic force
microscopy (AFM), and single-molecule electrophoresis should be employed to
probe individual particle dynamics under extreme field conditions. These high-
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precision experimental techniques can provide deeper insights into ion
condensation, charge inversion, and electrohydrodynamic coupling, which
remain poorly understood in strongly nonlinear electrophoretic systems
(Lozada-Cassou et al., 1999).

In summary, this research establishes a solid theoretical and
computational foundation for understanding nonlinear electrophoresis while
highlighting several key challenges for future exploration. The extension to non-
spherical particles, incorporation of turbulent flow interactions, multi-ion
electrokinetics, and experimental validation are all crucial next steps toward
developing a complete and predictive model for real-world electrophoretic
phenomena. Addressing these challenges will not only refine our fundamental
understanding of electrokinetics but also drive innovations in nanotechnology,
environmental science, and biomedical diagnostics.

Final Remarks

This study represents a significant step forward in electrophoretic
modeling, moving beyond classical approximations to capture essential
nonlinear effects that dictate colloidal mobility, stability, and aggregation. By
combining advanced numerical simulations, rigorous theoretical analysis, and
experimental benchmarking, our findings bridge the gap between traditional
electrophoretic theory and real-world applications. The insights gained from this
research hold substantial potential for enhancing microfluidic technologies,
optimizing environmental remediation strategies, and improving biomedical
separation techniques.

As researchers continue to push the boundaries of nonlinear
electrokinetics, addressing the open challenges outlined in this work will be
instrumental in unlocking the full potential of electrophoretic transport in
complex systems. Future investigations that integrate shape-dependent effects,
turbulence interactions, multi-ion electrokinetics, and cutting-edge experimental
validation will drive the next generation of advancements in this fundamental
yet technologically critical field.
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